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Statistical  Inference  for  Quality- Adjusted  Survival  Time 
Hongwei  Zhao,  Sc.D 

a.  Introduction 

In  evaluations  of  breast  cancer  therapies,  the  patients’  quality  of  life  is  receiving  more 
and  more  attention.  It  is  desirable  that  a  treatment  not  only  prolongs  the  overall 
survival  life,  but  also  improves  the  quality  of  life  (QOL).  Quality-adjusted  lifetime 
(QAL)  is  a  measure  that  combines  both  the  quality  and  the  quantity  of  a  person’s 
lifetime.  First  proposed  by  Gelber,  Gelman  and  Goldhirsch  (1989),  QAL  is  simply 
an  integration  of  survival  time  weighted  by  a  utility  coefficient  ranging  from  0  (poor 
health)  to  1  (perfect  health).  In  a  typical  clinical  trial  setting,  patients  are  enrolled 
over  time,  and  the  study  ends  before  observation  of  the  endpoints  for  all  patients. 
Therefore,  the  data  are  right  censored.  The  goal  of  my  research  is  to  study  how  to 
draw  inference  about  QAL  in  the  presence  of  censoring. 

For  this  past  year,  I  have  concentrated  on  the  regression  problem  for  the  QAL, 
since  this  topic  has  received  great  interest  lately. 

b.  Body 

b.l.  The  Setting 

For  the  ith  individual  in  the  study,  let’s  define  Vi(t),t  >  0,  as  a  continuous  time 
stochastic  process  representing  the  patient’s  health  history  process,  7*  as  the  survival 
time.  U  is  a  utility  function,  which  is  assumed  to  be  known  or  can  be  specified.  The 
ith  individual’s  quality  adjusted  lifetime,  denoted  as  Qi,  is  equal  to 

Qi  =  [Ti  u{Vi(t)}dt. 

Jo 

Let  Zi  denote  the  p  +  1  vector  of  covariates  associated  with  the  ith  individual, 
and  Ci  denote  the  censoring  variable.  We  assume  that  the  censoring  variable  is 
independent  of  the  health  history,  conditional  on  the  covariates. 

Due  to  the  presence  of  censoring,  we  cannot  make  inference  on  QAL  over  the  entire 
health  history.  We  can  only  consider  the  QAL  accumulated  within  a  time  L,  where 
L  is  a  time  limit  up  to  which  we  have  reasonable  amount  of  data.  Our  inference 
therefore  will  depend  on  the  choice  of  L.  Consequently,  the  survival  time  of  a  patient 
will  be  truncated  at  L,  that  is,  TL  =  min(T,  L ).  For  ease  of  notation,  however,  we 
still  use  T  instead  of  TL  in  subsequent  development  of  the  theory. 
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We  observe  the  following  data: 


Xi  =  min  (Tu  Q),  A,  =  1(7)  <  C<),  Vi{t),  0  <t<Xu 
Qi=  [  '  U{Vi(t)}dt,Zii  i  = 

Jo 

We  would  like  to  investigate  which  covariates  affect  the  quality  adjusted  survival  time. 
b.2.  Regression  models  for  the  mean  QAL 
We  assume  a  general  model  for  the  mean  QAL: 


E(Qi)  =  HfZi), 


where  /3  is  a  p  +  1  vector  of  coefficients,  f(.)  is  a  known  function. 

If  we  can  observe  Qi  for  every  subject,  then  a  consistent  estimating  equation  for 
solving  /3  is 

i>(Zi)«i  -  mTm = o, 

i=l 

where  h(Zi)  is  any  function  of  Zt.  Without  censoring,  it  has  been  shown  that  the 
best  choice  of  the  function  h(Zi)  is  df{0TZi)/dp. 

When  censoring  is  present,  we  can  not  observe  Qi  for  everybody.  Instead,  we 
use  the  idea  of  inverse  probability  weighting,  and  propose  the  following  estimating 
equation: 

SM  =  E  -  Hfz,)}  =  o.  (i) 

It  is  easy  to  show  that  this  estimating  equation  will  produce  consistent  estimators 
for  /?. 

b.3.  Efficiency  Issue 

In  the  above  estimating  equation,  only  the  data  on  QAL  for  the  people  who  have 
failures  are  used,  the  QAL  for  censored  subjects  are  ignored.  Hence  the  above  esti¬ 
mating  equation  is  not  efficient. 

Using  the  counting  process  representation  similar  to  Zhao  and  Tsiatis  (1997),  we 
can  write: 


n*Sn(0) 

2  J2  Bi  -  n  L  7  ,,/^  -  G(B » ■“)}> 
ti  £iJo  K(u) 


n  2 


(2) 
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where 


Bi  =  h{Zi){Qi  -  f(pTZi)}, 


and  for  any  random  variable  X ,  function  G(X,  u )  is  defined  as 


G(X,u)  = 


E {XjKTj  >  u)} 

St{u) 


Here,  St(u)  =  pr(T  >  u ). 

Using  the  theory  of  Robins  and  Rotnitzky  (1992),  and  Robins,  Rotnitzky  and  Zhao 
(1994),  a  class  of  estimating  equations  can  be  written  as 

s„  W)  =  SM  + £  j“  -  G(e, «)], 

where  e{UjH(u)}  is  a  functional  of  the  health  history  process. 

The  key  findings  are: 

(1)  For  any  function  h(Zj )  chosen,  the  most  efficient  estimating  equation  is  one 
with 

ee//Of(u)}  =  EtW*  (u)}. 

(2)  The  optimal  function  h{Zi)  is 

h^(Z)  =  B{9/mmZ}Var{R{mr\ 

where  R M  =  J^D,  +  ^IE{AI  V,»(u)}  -  G(e, «)],  A  =  Q,  -  fUFZi). 

Although  we  derived  the  formula  for  the  most  efficient  estimating  equation,  this 
estimating  equation  depends  on  complicated  health  history  which  is  not  known  to  us 
and  has  to  be  estimated. 

My  research  has  been  focusing  on  finding  a  functional  form  of  e{V^H(u)}  that  is 
as  close  to  ee//{U/7(it)}  as  possible,  and  on  estimating  the  h^Z).  I  have  been 
conducting  simulation  studies  to  test  these  methods.  I  will  apply  the  methods  to  a 
real  breast  cancer  example. 


c.  Key  Research  Accomplishment 

I  have  derived  the  most  efficient  estimating  equation  for  the  regression  problem  of 
the  mean  QAL. 
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d.  Reportable  outcomes 

I  have  been  invited  to  give  a  short  course  entitled  “Statistical  Inference  of  Quality  Ad¬ 
justed  Lifetime”  in  International  Chinese  Statistical  Association  (ICSA)  2005  Applied 
Statistics  Symposium  at  Washington,  DC  on  Saturday,  June  19,  2005. 


e.  Conclusions 

I  believe  the  research  problem  I  have  been  working  on  is  of  great  importance  to  breast 
cancer  studies.  For  the  past  year  I  have  made  some  progress  on  the  regression  problem 
of  QAL.  I  am  confident  that  I  will  obtain  some  good  results  by  the  end  of  the  grant 
period. 
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